We observe that the resemblance between the integer number system with multiplication & division and the system of convex objects with Minkowski addition & decomposition is really striking. We present an idea of the shape decomposition into prime shapes, which are analogue of the prime numbers and indecomposable ones. Here, we concentrate the discussion on binary images, and present some propositions on the indecomposability problem.
Introduction: Indecomposability Problem
The problem we are given here is:
Given a set of points S in the plane, determine whether it can be expressed as a Minkowski sum of two simpler sets of points. In other words, are there sets of points A and B in the plane, such that a given S can be expressed as S ¼ A È B ?
If A and B are two arbitrary sets of points in the 2-dimensional Euclidean space, the operation È, called the Minkowski addition, means that, A È B ¼ fa þ bja 2 A; and b 2 Bg ð 1Þ
where '+' denotes the vector addition of two points. The sets A and B are called the summands of the sum S.
(Minkowski addition is popularly known as dilation in mathematical morphology.) Our motivation of this paper is the belief that there exists an indecomposable shape like a prime number. It cannot be decomposed further as a Minkowski sum of two simpler shapes. A few such indecomposable shapes in the domain of binary images are shown in Fig. 1 . Exactly like the prime numbers, the indecomposable shapes may be considered as the fundamental building blocks of all geometric shapes. If one can identify the set of all indecomposable shapes fI 1 ; I 2 ; . . .g, then any point set S can be represented as a Minkowski sum of indecomposable shapes,
The basic hurdle, however, is to identify an indecomposable shape. It should be noted that the indecomposability problem is concerned with the shape of an object. Here, we assume that all the translates of a given point set are equivalent. There are some trivial decompositions. For example, any singleton point set fpg behaves like number 1, since always S ¼ S p È fpg. Other than this, if S is a compact convex set in E 2 and if denotes any real number greater than zero but less than one, then S is a trivial summand of S, for S ¼ S È ð1 À ÞS. Such trivial decompositions are not considered as proper decompositions.
Indecomposability problem in the domain of convex polytopes in E d has been studied by mathematicians. It has long been known that, in the domain of convex polygons, triangles (and line segments which are nothing but degenerate triangles) are the only indecomposable sets. For general convex polytopes in E d where d > 3, there do not exist any such simple, closed universal approximating classes.
Characterization of indecomposable polytopes in higher dimensions is a hard problem. Shephard [1] found a sufficient (but not necessary) condition for a polytope to be indecomposable. Meyer [2] later gave the necessary and sufficient condition for indecomposability of polytopes. Meyer's condition is expressed in terms of the rank of a certain Interdisciplinary Information Sciences, Vol. 11, No. 2, pp. 205-213 (2005) set of linear homogeneous equations that can be formed from the supporting functions of a polytope. A simpler approach, yielding the same results, was presented by McMullen [3] , using a translation-invariant representation of polytopes. Smilansky [4] also proved similar results by introducing the concept of a dual of a polytope.
These approaches, except Shephard's, are highly algebraic, and it is difficult to get the geometric intuition of indecomposability from such treatments. Very little has so far been done in the discrete domain, even in the simplest domain of binary images. One may mention Kanungo and Haralick [5] and Xu [6] . We could not find any literature on indecomposability of nonconvex objects-neither in any continuous nor in any discrete domain.
A Special Class of Binary Shapes: The Weakly Taxicab Convex (WTC) Polygons
In this paper, we are treating binary shapes, whose examples are in Fig. 1 . We transform a binary image into a continuous polygon (Fig. 2) . For continuous polygon-convex or nonconvex-the slope diagram technique [7] is employed for computing Minkowski addition. Here, a convenient subset of all binary images is identified. It is termed the weakly taxicab convex (WTC) class of images. Computation of Minkowski addition of WTC images is then taken up. The computation technique immediately indicates a number of results concerning indecomposability of WTC polygons.
We transform a binary image into a polygon by taking the 4-connected polygonal cover of the image. The 4-connected polygonal cover may be conceived in various other ways. One interesting way is to conceive it as, Polygonal CoverðMÞ ¼ ðM È QÞ É Q, where Q denotes a unit square region. We assume that the 4-connected polygonal cover A is a complete representation of a binary image M. The length of every edge of a polygonal cover may be considered to be an integer number.
The WTC polygon is not a real convex but a nearly convex polygon. The reason for the need for a ''nearly convex'' domain is as followings: In the question of indecomposability, it is preferable to work with images which are ''nearly convex''. The rationale of this conviction comes from the following fact. Proposition 1. Let S be a convex set for which there do not exist convex sets A and, B such that S ¼ A È B. Then there cannot exist general sets P and Q such that S ¼ P È Q.
If we work within the convex shape domain and discover that some shape S is indecomposable within that domain, then S is intrinsically indecomposable. Within the domain of 4-connected polygonal covers of binary images, the convex subdomain is not challenging. Now, we define the WTC polygon formally.
Definition 1 (Weakly taxicab convex polygon). A 4-connected polygonal cover A is called weakly taxicab convex (WTC) polygon if at least one taxicab line segment joining each pair of points of A lies entirely in A.
This means that a 4-connected polygonal cover, which is monotone with respect to both the x-axis and the y-axis, is a weakly taxicab convex polygon. Figure 3 shows examples of polygonal covers which are weakly taxicab convex and not.
Indecomposability Results on the WTC Polygons 3.1 A few properties of WTC polygons
Before presenting some results on the indecomposability of WTC polygons, we list a few properties of WTC polygons related to the Minkowski operations. In Fig. 4(a) , we show an example of a WTC polygon S which, since decomposable in the connected domain, is also decomposable in the WTC domain. On the other hand, the WTC polygon S in Fig. 4(b) , though decomposable in the general disconnected domain, can be shown to be indecomposable in the WTC domain.
Representation of WTC polygons
For the WTC polygons, the first advantage of the representation using the slope diagram is that the boundary of every WTC polygon can be partitioned into eight angular regions, namely, single direction angular regions by the symbols i 1 , i 2 , i 3 , i 4 , and the four 90 deg angular regions by the symbols r 1 , r 2 , r 3 , r 4 . The schematics of this representation are shown in Fig. 5 . In any i j -region the taxicab edge is referred to as an i jedge. An i j -edge is completely specified by its length, say j . In r j -region the taxicab edge of the polygon will consist of a monotonic chain of ''steps''. It is called an r j -edge and its length is denoted by the symbol x j .
If we assume that the angular regions will always be considered as a fixed ordered set (i 1 ; r 1 ; i 2 ; r 2 ; . . . ; i 4 ; r 4 ), then the the WTC polygon can be completely expressed as an ordered 8-tuple:
This representation appears like a hypercomplex algebraic number.
Minkowski addition of two WTC polygons
To determine the Minkowski sum A È B of two WTC polygons whose slope diagrams are given by, 
The computation of x j ] y j is a little more involved. From the viewpoint of the slope diagram theory the simplest x j , y j are the r j -edges whose multiplicity is 1, that is, x j ¼ ½ð 1 ; 1 Þ and y j ¼ ½ð 1 ; 1 Þ (Fig. 6(a) ).
From the merged slope diagram we obtain that x j ] y j in this case will be the union of two sets of edges, namely, fx j , 1 , Àx j , 1 , x j g and fy j , 1 , Ày j , 1 , y j g. It is easy to show that both these sets are, in fact, equivalent and finally yield the same result. (This will also be apparent from the following expansion.) Therefore, we may proceed with only one of these two sets, say, the first one (Figs. 6(b) and (c)), and expand in the following way: x j ] y j ¼ fx j ; 1 ; Àx j ; 1 ; x j g ¼ ½ð 1 ; 1 Þ; ð 1 þ 1 ; 1 Þ; ð 1 þ 1 ; 0Þ; ð 1 ; 0Þ;
Now if we express x j and y j in terms of their end-point sets, that is, as x j ¼ f0; p 1 g and y j ¼ f0; q 1 g, then the above expression can be written as,
The above equation implies that the boundary addition ] of two r j -edges finally reduces to the Minkowski addition È of the corresponding end-point sets. The generalization of the boundary addition x j ] y j can be directly obtained now. If we consider two general r j -edges as (as was shown in Fig. 5(b) ), x j ¼ fo; p 1 ; p 2 ; . . . ; p n g; y j ¼ fo; q 1 ; q 2 ; . . . ; q n g ð 6Þ
Then, we have
. . . ; p n g; b 2 fo; q 1 ; q 2 ; . . . ; q n gg ð7Þ
A simple example of the Minkowski addition of WTC polygons is shown in Fig. 7 . In the figure (a), which is also shown in Fig. 7(b) .
Minkowski decomposition of two WTC polygons
Minkowski decomposition A É B is attended very briefly in this paper. which is nothing but component-wise subtraction of two hypercomplex numbers @A and @B. Just like the Minkowski addition case, we can show that j ] ðÀ l Þ boils down to the arithmetic subtraction of two integer numbers, that is, j ] ðÀ l Þ ¼ j À l . The computation of x j ] ðÀy j Þ can also be carried out in the similar way. For example, if x j ¼ ½ð 1 ; 1 Þ and y j ¼ ½ð 1 ; 1 Þ, then
Even if the multiplicities of the r j -edges of the summands are more than one, we may proceed in the similar way. An example of Minkowski decomposition is shown in Fig. 8 . However, the next step, that is, to compute Posð@A ] @B À1 Þ is not as straight forward as the addition case because of the following reasons:
. The self-crossings due to x j ] ðÀy j Þ are not localized. That means, an (x j ] ðÀy j Þ) may intersect other edges of the boundary sum @A ] @B À1 (see Fig. 8(b) ). . j À j may become negative, and thereby give rise to self-crossing edges.
Though it is possible to devise some ingenious methods to compute Posð@A ] @B À1 Þ, in this paper we shall not concern ourselves with such a task.
A few results on indecomposability
Now, we show the results on indecomposability of WTC polygons. Proposition 6. There are infinitely many indecomposable shapes. Our proof is analogous to Euclid's proof that there are infinitely many primes. Proposition 7. Indecomposability or decomposability of a shape is invariant under every affine transformation.
It implies that every rotated reflected or scaled image of an indecomposable shape is also indecomposable. For example, in the indecomposability question, WTC polygon ( 1 ; x 1 ; 2 ; x 2 ; . . . ; 4 ; x 4 ) is equivalent to ( 4 ; x 4 ; 1 ; x 1 ; . . . ; 3 ; x 3 ) which is obtained by circularly shifting the elements by two places. The shifting specifies a 90 deg rotation.
In the next few propositions we identify some of the WTC polygons which are indecomposable in the WTC domain. We take the following approach. Assuming that a WTC polygon is given in the form of a hyper-complex number The first one of this series of propositions is an obvious one.
Proposition 8. Any WTC polygon resulting from a 2 point binary image is indecomposable.
The WTC polygons resulting from 2-point binary images are nothing but a horizontal or a vertical line segment of unit length (Fig. 9(a) ). We call them L-polygons. (We find that L-polygons behave very much like number 2.) The class of WTC polygons we consider next are like simple triangles in the WTC domain. A few of such polygons are shown in Fig. 9(b) . The following definition may be used to denote this class of poly-gons.
Definition 2 (R 1 -polygon). A WTC polygon is called a R 1 -polygon if it has the following characteristics: (i) it has only one r-edge, (ii) the multiplicity of that r-edge is 1, and, (iii) both the i-edges adjacent to that non-zero r-edge have lengths 0.
This class of WTC polygons are like simple triangles in the WTC domain.
Proposition 9. Every R 1 -polygon is indecomposable.
The next result is essentially a generalization of Proposition 9. Consider a class of WTC polygons having the following characteristics: (i) the multiplicity of every r-edge in a polygon is 1, and (ii) both the i-edges adjacent to a non-zero r-edge have lengths 0. One can immediately see that this class of polygons can be subdivided into three subclasses of WTC polygons: Note that no R 3 -polygon, that is, WTC polygon having three such r-edges can exist physically.
Proposition 10. If every r-edge of a WTC polygon has multiplicity 1 and, both the i-edges adjacent to every nonzero r-edge have lengths 0, then the polygon is indecomposable. R 1 -, R 2 -and R 4 -classes of polygons can be considered to be the basic indecomposable classes in the WTC domain. We shall now show that, by means of these basic classes we can define other classes of indecomposable polygons. Consider the following definition.
Definition 3 (GR 1 -polygon). A WTC polygon formed by gluing a R 1 -polygon to another polygon is called a GR 1 -polygon (as shown in Fig. 9(e) ).
A typical GR 1 -polygon S can be expressed as, @S ¼ ð 1 ; 0; 0; ½ð 1 ; 1 Þ; . . .; 3 ; z 3 ; 4 ; z 4 Þ:
Proposition 11. Every GR 1 -polygon is indecomposable.
The simplest primality test is the trial division. In the similar spirit, to determine whether a given point set S is indecomposable or not, the simplest indecomposability test would be to take a point set B and check whether B can be a summand of S or not. This test can be easily incorporated by using the following result.
Proposition 12. A point set B is a summand of a point set S, iff ðS É BÞ È B ¼ S Definition 4 (Less than or Equal to). Let L 1 and L 2 be two taxicab line segments. We say that L 1 is ''less than or equal to'' L 2 if there exists a taxicab line segment L x , such that L 2 can be generated by Minkowski addition of L 1 and L 2 . If L x turns out to be a single point, we say that L 1 is ''equal to'' L 2 . Fig. 9 . A few sets of indecomposable WTC polygons.
